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Abstract
If R is a homomorphic image of a finite Frobenius local ring, there is a known construction that produces
Latin square type partial difference sets (PDS) in R×R. By a simple construction, we show that every finite
ring is a homomorphic image of a finite Frobenius ring and every finite local ring is a homomorphic image
of a finite Frobenius local ring. Consequently, Latin square type PDS can be constructed in R × R for any
finite local ring R, where the additive group (R,+) can be any finite abelian p-group.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction
Let G be a finite group. A subset D ⊂ G is called a (|G|, |D|, λ,μ) partial difference set
(PDS) in G if ab−1 (a, b ∈ D, a = b) represents each nonidentity element in D exactly λ times
and each nonidentity element in G\D exactly μ times. Such a D is called reversible if it is closed
under inversion. All PDS with λ = μ are reversible [13]. When G is a finite abelian group, it is
well known that D is a reversible PDS in G if and only if D has only two real nonprincipal
character values [12].
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2 X. Hou, A.A. Nechaev / Journal of Algebra 309 (2007) 1–9Let G be a finite abelian group with |G| = n2. Let D ⊂ G\{0} such that for every nonprincipal
character χ of G,
χ(D) =
∑
x∈D
χ(x) = −r or −r + n, (1.1)
where r is a real number. Then |D| satisfies a quadratic equation
|D|2 − |D|(n2 − 2r + n)+ r(−r + n)(n2 − 1)= 0 (1.2)
which gives two solutions
|D| = r(n − 1) or (n − r)(n + 1). (1.3)
Such a D is called a Latin square type PDS in G if |D| = r(n − 1) and is called a negative
Latin square type PDS in G if |D| = (n − r)(n + 1). The connection between Latin square type
PDS and Latin squares is rather indirect: On the one hand, mutually orthogonal Latin squares
can be used to construct partial geometries whose point graphs are strongly regular. On the other
hand, Cayley graphs of Latin square type PDS are strongly regular graphs which have the same
parameters as point graphs of partial geometries [2]. The reader may refer to the survey [12] by
Ma for more background on partial difference sets.
Finite local rings are proven to be a very useful tool for constructing Latin square type PDS
[3,5–8,10,11]. This paper is motivated by a result of [7], which basically states that if R is a
homomorphic image of a finite Frobenius local ring, then there is a large family of Latin square
type PDS in R × R. A natural question arising from this result is how to characterize homomor-
phic images of finite Frobenius local rings. We will show that a finite ring R is a homomorphic
image of a finite Frobenius local ring if and only if R is local. Thus the result of [7] is virtu-
ally a construction of Latin square type PDS in R × R for every finite local ring R. Finite local
rings are abundant and not subject to severe constraints. In particular, their additive groups cover
all possible finite abelian p-groups. Consequently, Latin square type PDS exist in every finite
abelian p-group of type G × G. A result of [12, Theorem 6.9] implies that if a finite abelian
group of order p2n contains a nontrivial Latin square type PDS, the exponent of G is at most pn.
It is not known whether the converse of this fact is true. There has been evidence supporting the
converse [1,3,6,7]. The existence result in G×G in the present paper is of course a further piece
of evidence.
In Section 2, we first show that every finite ring is a homomorphic image of a finite Frobenius
ring. This is done through a simple construction using the character module. We also show that
every finite local ring is a homomorphic image of a finite Frobenius local ring. For any finite
local ring R with maximal ideal rad(R), we determine the structures of (R,+) and (rad(R),+)
according to the residue field R/rad(R). In Section 3, we prove the existence of Latin square
type PDS in G × G for any finite abelian p-group G. In doing this, we introduce the concept of
Latin shells which makes it easier for us to describe the PDS construction in the present paper as
well as several previous constructions.
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All rings considered are with identity and all modules considered are unitary. Let R be a ring.
The Jacobson radical of R is denoted by rad(R). For an R-module M , left or right, the socle
of M , denoted by soc(M), is the sum of all irreducible submodules of M .
Definition 2.1. [9] Let R be a left artinian ring and R¯ = R/rad(R). If soc(RR) ∼= R¯R and
soc(RR) ∼= RR¯, R is called a Frobenius ring.
Let R be a finite ring. A character χ of (R,+) is called a generating character if kerχ does
not contain any nonzero left ideal of R. Finite Frobenius rings has a very simple characterization
due to J. Wood.
Theorem 2.1. (J. Wood [15]) A finite ring is Frobenius if and only if it has a generating character.
Corollary 2.2. [5] A finite ring is Frobenius and local if and only if it has a unique minimal left
ideal.
Corollary 2.2 also follows from a more recent result of Honold [4] which states that a finite
ring R is Frobenius if and only if soc(RR) is cyclic.
We will show that every finite ring is a homomorphic image of a finite Frobenius ring. The
proof is based on the following ring construction known as the “trivial extension” which resem-
bles the semi direct product of groups. (Cf. [9, p. 37].)
Proposition 2.3. Let R be a ring and RMR an (R,R)-bimodule. Define R  M = R × M , and
for each (r1,m1), (r2,m2) ∈ R  M , define
(r1,m1) + (r2,m2) = (r1 + r2,m1 + m2),
(r1,m1) · (r2,m2) = (r1r2, r1m2 + m1r2).
Then R  M is a ring with identity (1,0). R × 0 is a subring of R  M and R × 0 ∼= R. 0 × M
is an ideal of R  M and
R → (R  M)/(0 × M),
r → (r,0)
is a ring isomorphism.
The proof of Proposition 2.3 is routine and is omitted.
Let R be a finite ring and let R be the character group of (R,+), i.e., R = Hom(ZR,
Z(Q/Z)). Then R is an (R,R)-bimodule: For each ω ∈ R and a ∈ R,
ωa :R → Q/Z
is defined by (ωa)(x) = ω(ax) and
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is defined by (aω)(x) = ω(xa).
Theorem 2.4. Let R be any finite ring. Then R  R is a finite Frobenius ring. In fact
χ :R  R → Q/Z,
(r,ω) → ω(1)
is a generating character of R  R.
Proof. Assume to the contrary that kerχ contains a nonzero left ideal I of RR. First we claim
that there is an element (r,ω) ∈ I such that ω = 0. (Otherwise, choose 0 = (r,0) ∈ I . There is an
ω ∈ R such that ω(r) = 0. Then we have (0,ω) · (r,0) = (0,ωr) ∈ I , where ωr(1) = ω(r) = 0.
Hence ωr = 0.) Since ω = 0, ω(s) = 0 for some s ∈ R. Thus (s,0) · (r,ω) = (sr, sω) ∈ I but
χ(sr, sω) = sω(1) = ω(s) = 0,
which is a contradiction. 
Corollary 2.5. A finite ring is local if and only if it is a homomorphic image of a finite Frobenius
local ring.
Proof. Let R be a finite local ring. By Proposition 2.3 and Theorem 2.4, R ∼= (RR)/(0×R),
where R R is Frobenius. Since 0×R is a nilpotent ideal of R R, R R is also local. 
In Section 3, we will need to know the structures of the additive groups of a finite local ring
and its maximal ideal. We determine these structures in the following theorem.
Theorem 2.6.
(i) Let R be a finite local ring with residue field R/rad(R) = GF(pr). Then
(R,+) ∼= Zr1pn1 × Zr2pn2 × · · · × Zrkpnk (2.1)
where n1 > n2 > · · · > nk  1, ri > 0, and r | ri (1 i  k). Moreover,
(
rad(R),+)∼= Zr1−rpn1 × Zrpn1−1 × Z
r2
pn2 × · · · × Zrkpnk . (2.2)
(ii) For each prime p and positive integers ni , ri (1  i  k) and r such that n1 > n2 > · · · >
nk  1 and r | ri , there is a finite local ring R such that R/rad(R) = GF(pr) and
(R,+) ∼= Zr1pn1 × Zr2pn2 × · · · × Zrkpnk , (2.3)
(
rad(R),+)∼= Zr1−rpn1 × Zrpn1−1 × Z
r2
pn2 × · · · × Zrkpnk . (2.4)
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(R,+) = Zs1
p1
× Zs2
p2
× · · ·
where si  0. We claim that r | si for all i. By Theorem XIX.4 of [14], R contains a Galois
ring S = GR(pn1 , r) where pn1 is the characteristic of R. Thus for each i  1, pi−1R/piR =
Z
si+si+1+···
p is a vector space over S/pS = GF(pr). Thus r | (si + si+1 + · · ·), hence r | si for all
i  1. Thus the isomorphism in (2.1) is proved. Also by Theorem XIX.4 of [14], as an (S,S)-
bimodule, SRS = S ⊕N where N ⊂ rad(R). Thus rad(R) = pS ⊕N . Since (S,+) = Zrpn1 , (2.2)
follows from (2.1).
(ii) Let S = GR(pn1 , r) and let
M = S r1r −1 ⊕ (pn1−n2S)
r2
r ⊕ · · · ⊕ (pn1−nkS)
rk
r
where S
r1
r
−1 is the direct sum of r1
r
− 1 copies of S. Then M is an (S,S)-bimodule. Let R =
S  M . Then R is a local ring since R/(0 ×M) ∼= S is local and 0 ×M is a nilpotent ideal of R.
Moreover,
(R,+) = S × M ∼= Zr1pn1 × Zr2pn2 × · · · × Zrkpnk ,
(
rad(R),+)= pS × M ∼= Zr1−rpn1 × Zrpn1−1 × Z
r2
pn2 × · · · × Zrkpnk . 
3. Latin shells in G×G
Definition 3.1. Let G ⊃ G1 ⊃ G2 be finite abelian groups such that |G| = |G1||G2| and let r be
a real number. A subset D ⊂ G \ G1 is called a (G,G1,G2; r)-Latin shell if for each character
χ of G,
χ(D) =
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
r|G| 12 (1 − 1|G2| ), if χ is principal,
−r |G|
1
2
|G2| , if χ is principal on G1 but not on G,
0, if χ is principal on G2 but not on G1,
−r or −r + |G| 12 , if χ is not principal on G2.
The group G2 is called the thickness of the Latin shell D.
Note that when G1 = G2, a (G,G1,G1; r)-Latin shell is a Latin square type PDS with non-
principal character values −r and −r +|G| 12 . The following proposition shows that one can nest
one Latin shell inside another to form a new Latin shell with greater thickness.
Proposition 3.1. Let G ⊃ G1 ⊃ G2 be finite abelian groups such that |G| = |G1||G2| and let D
be a (G,G1,G2; r)-Latin shell. Let G1 ⊃ H1 ⊃ H2 ⊃ G2 be subgroups such that |G1||G2| =
|H1||H2| and let E be a (G1/G2,H1/G2,H2/G2; r/|G2|)-Latin shell. Let E¯ ⊂ G1 \ H1 be the
preimage of E. Then D ∪ E¯ is a (G,H1,H2; r)-Latin shell.
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χ(E¯) = |G2| ·
⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩
r
|G2| (
|G1||G2| )
1
2 (1 − |G2||H2| ), if χ is principal on G1,
− r|G2| (
|G1||G2| )
1
2 |G2||H2| , if χ is principal on H1 but not on G1,
0, if χ is principal on H2 but not on H1,
− r|G2| or − r|G2| + (
|G1||G2| )
1
2 , if χ is principal on G2 but not on H2,
0, if χ is not principal on G2,
=
⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩
r|G2| 12 ( 1|G2| − 1|H2| ), if χ is principal on G1,
−r |G2|
1
2
|H2| , if χ is principal on H1 but not on G1,
0, if χ is principal on H2 but not on H1,
−r or −r|G| 12 , if χ is principal on G2 but not on H2,
0, if χ is not principal on G2.
Thus
χ(D ∪ E¯) = χ(D) + χ(E¯)
=
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
r|G| 12 (1 − 1|H2| ), if χ is principal,
−r |G|
1
2
|H2| , if χ is principal on H1 but not on G,
0, if χ is principal on H2 but not on H1,
−r or −r + |G| 12 , if χ is not principal on H2.

Proposition 3.1 can be applied repeatedly. Thus we can nest arbitrarily many Latin shells as
long as their parameters are compatible. When the thickness reaches the maximum, the nested
Latin shells form a Latin square type PDS.
Several known constructions of Latin square type PDS can be described in terms of Latin
shells. In the following examples, we only describe the constructions of the Latin shells. Details
of computation can be found in the references cited.
Example 3.2. [7, Lemma 4.2] Let R be a finite Frobenius local ring and I a proper ideal of R.
Let rR(I ) be the right annihilator of I . Let σ : rR(I ) → {0,1} be such that
∑
x∈soc(RR)
σ (a + x) = e for every a ∈ rR(I ),
where e is any fixed integer with 0 e |soc(RR)| = |R/rad(R)|. Then
D = {(x, y¯) ∈ [rR(I ) × (R/I)
] ∖ [
rR(I ) ×
(
rad(R)/I
)]
: σ
(
y−1x
)= 1}
is an (rR(I ) × (R/I), rR(I ) × (rad(R)/I), soc(RR) × {0}; e|rad(R)|/|I |)-Latin shell where
rR(I ) × (R/I) ∼= (R/I) × (R/I)
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[
rR(I ) ×
(
rad(R)/I
)]/[
soc(RR) × {0}
]∼= (rad(R)/I)× (rad(R)/I)
as abelian groups.
Example 3.3. [6, Lemma 3.3] Let GR(p2, t) be the Galois ring with characteristic p2 and rank
t . Let R be the finite commutative chain ring
R = GR(p2, t)[X]/(X2n+1 − p,pX).
Denote the image of X in R by x. Let T be the Teichmüller set of GR(p2, t) and put T ∗ = T \{0},
H = {1 + x2a2 + x4a4 + · · · + x2na2n: a2, . . . , a2n ∈ T
}
,
K = {1 + xa1 + x3a3 + · · · + x2n−1a2n−1: a1, . . . , a2n−1 ∈ T
}
.
Let W be a Zp-subspace of R/xR and χ a generating character of R such that kerχ contains
x GR(p2, t) ⊕ · · · ⊕ x2n GR(p2, t) and the preimage of W in T . Define W⊥ = {y ∈ pR: Wy ⊂
kerχ}. Choose α1, . . . , αc ∈ pR such that they represent distinct cosets of W⊥ in pR. Then
D =
c⋃
i=1
T ∗H
(
K + αi + W⊥
)⊂ R \ xR
is an (R,xR,pR; cpnt |W⊥|)-Latin shell, where
(R,+) ∼= Zt
p2
× Z2ntp ,
(xR/pR,+) ∼= Z2ntp .
Theorem 3.4. Let p be a prime and let ni , ri (1  i  k) and r be positive integers such that
n1 > n2 > · · · > nk and r | ri . Let G = Z2r1pn1 × Z2r2pn2 × · · · × Z2rkpnk and let 0 e pr . Then there
exists a (G,G1,G2; epn1r1+···+nkrk−r )-Latin shell with |G2| = pr and
G1/G2 ∼= Z2(r1−r)pn1 × Z2rpn1−1 × Z
2r2
pn2 × · · · × Z2rkpnk .
Proof. By Theorem 2.6(ii), there is a finite local ring R such that R/rad(R) = GF(pr) and
(R,+) ∼= Zr1pn1 × Zr2pn2 × · · · × Zrkpnk ,
(
rad(R),+)∼= Zr1−rpn1 × Zrpn1−1 × Z
r2
pn2 × · · · × Zrkpnk .
By Corollary 2.5, there is a finite Frobenius local ring T and an ideal I  T such that R ∼= T/I .
Note that rad(T )/I ∼= rad(R) and |rad(T )|/|I | = |rad(R)| = pn1r1+···+nkrk−r . By Example 3.2,
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{0}| = pr and
G1/G2 ∼= rad(R) × rad(R) ∼= Z2(r1−r)pn1 × Z2rpn1−1 × Z
2r2
pn2 × · · · × Z2rkpnk . 
Corollary 3.5. In the notation of Theorem 3.4, there is a Latin square type PDS in G with
nonprincipal character values −e|G| 12 /pr and |G| 12 − e|G| 12 /pr .
Proof. Simply use Theorem 3.4 and Proposition 3.1 repeatedly. 
Bailey and Jungnickel [1] gave a construction of Latin square type PDS in groups of the
form H ×H using configurations called partial congruence partitions (PCP). When H is a finite
abelian p-group, say
H = Zr1
pn1 × · · · × Zrkpnk , n1 > n2 > · · · > nk,
the PDS in H × H obtained using PCP have parameters
(
n2, r(n − 1), n2 + r2 − 3r, r2 − r)
where n = |H | and
r  t (H) := pmin{r1,...,rk} + 1.
(Cf. Theorem 2.7 and Section 4.1 of [1].) On the other hand, the PDS in H × H given by
Corollary 3.5 have parameters
(
n2, r(n − 1), n2 + r2 − 3r, r2 − r)
where
r  e|H |/pgcd(r1,...,rk), 0 e pgcd(r1,...,rk).
Therefore, the parameter range of the PDS in the present paper is different from that of [1].
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